Guide to € and C



Hi everybody:




— ™~

In our first lecture on sefs and
set fTheory, we introduced a bunch
ot new symbols and terminology.

N—




—

N—
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This guide tocuses on fwo of

those symbols: € and <.




These symbols represent oomcep?
that, while related, are different
from one another and can
T(ke some practice fo get used fo,




7 1f you've still a bit confused,

don't worryr Let's take some time
fo review Them and see how they

\__ Work and how they ditfer,




=

—
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First, let's start off with fhis

N—

symbol,




=

(Before we begin, do you remember)
what this symbol means? 1t nof,
pull up your notes or look back

Qﬂne first set of lecture slides,




=

(Before we begin, do you remember)
what this symbol means? 1t nof,
pull up your notes or look back

(Tﬂne first set of lecture slides,

(It you haven't started

Taking nofes in lecture, we
really vecommend it: I1's

extremely valuable,) -
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This symbol is the ‘element—ot*

N—

symbol,




It's used fo indicate that something
is an element of a set,

N—




S0, in This example, we're using )
the symbol fo indicate that fhe
girl belongs 1o the set containing

- the boy and the girl,




'------~

A R R ST T TS,
A

This statement is true because if
you look inside the set on the
right, you'll see the indicated

— person on the left,

e |

-




on the other hand, the dog on
the lett is not an element ot the
set on the right,

N—




The reason why is that if we look
inside the set on the right and
fake a look at whaf's inside of it,
e won't find the dog anywhere,




offen, when we're working with
sets in mathematics, we fend to
have sefs with things like numbers

\ in them,




1 €11, 2, 3,4}

50 werll fupically see statements N

like this one, which is more

mathematical in nature, even
though the previous examples
are perfectly correct uses of

\ TheEamol€5Sl{,mbO\S<




=
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When using the € suymbol, it's
important 1o keep in mind that

There's a ‘*sidedness” 1o if,

N—




X €S

—
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When we wrife something like

N—

This expression above..




X €S

This object isin this set

(the thing on the right will alags

be a sef, and the thing on the

let? is the object we're saying
belongs fo the sef.




/So far, we've been fhinking
about € symbolically - that is,
by writing out symbols rather than

drawing pictures,
N—




— ™~

However, it's otfen helpful 1o
Think about The € operator by
drawing pictures,

N—




s=1,,4OM}

: . TN
Tov example, let's imagine That we

have this set S, which consists of
shapes of different colors,

N—




s=1,,4OM}
A P
O N

— ~
We can draw S as a blob
containing each ot its elements,

\ R




s=1,,4OM}
A P

O B
/. €s

Now, if we writfe something
like the statement above..

- N
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s=1,,4OM}
+
O N

€S

— . ~
We can see that it's fTrue because

we can point al the yellow
riangle inside of fhe blob for s,

G )




s=1,,4OM}
A P
_

€S

/T\nis other stafement is also JMP

because we can point out the

element in gquestion inside S,
N—




=, O M}

A P

O N
®:s

N—

Ow The other hand we can see fhat
the purple octagon isn't in the
set..

™~

<



=, O M}

. ®:s .
—

because we can look at all the

elements in S and we won't see
it there,

- S




To recap Things so far..




X €S

This object isin this set

—

™~

We use the € symbol 1o indicate

that some object belongs o
some set,

N—




C

—
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With fThat said, letrs switch to
talking about this symbol tor

N—

a while,




C

7Before we talk about it, look aT™\

your notes and see whal this
symbol means, It uyou donrt
remember, quickly jump back fo the
lecture slides to get the




IN
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So fhis is the ‘subset—of* symbol

- R




— ™~

This expresses a relation That
can hold between fwo sets,

- <




SCT

Every object in this set is in this set

— ~~
Specifically, this statement means

‘every element of S is an element
ot T.*

N— <




Let's do an example,

<



Here we have two different
sels.,

- R




We can say That fhis first sef
is a subset of The second set.

- <




.because every element of fhe
first set is also an element in
the second set.

- R



— ™~

Here's another quick example,

- R




Here are two setfs, which just
happen To be the same sef,

- <




We say that the first set is a
subset ot fhe second sef..

- <




.because every element of fhe
first set is also an element of
the second set.

- R



—
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Lef's do one more example before

™~

we move Oon,

<



- -
v » v
<
I Jd ,
\_
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Here are two sets that we talked
about earlier, but presented in
The reverse order.

- o




N—

Notice how this first set contains
an element that isn'1 present

in the second set,

<




- <

N—

As a result, This first set is
not a subsef of the second

set,




~ We denofe this by using this

special *not a subset” sumbol, I1's
basically the subset symbol with a

" slash T\nvoqu




/Eav\iev, we saw a visual infuition
for what the € symbol meant,
Lef's take a few minutes fo

e visual ivﬁuiﬁomf«g.




s={/, 4 OMN

" hs before, let's look at this set

S, which consists of a bunch of
colorful shapes,

- L




s=1,,4OM}
A P
O N

—

Also as betore, we'll draw S as a

blob confaining each ot its
elements,

™~




N Ae) §
A P

O I
{0 c

—~

So imagine that we're given the
above statement and asked fo
defermine whether it's true.




N Ae) §
A P

O I
{0 c

T\ms is equivalent To asking whether
every element in the set on the
lett happens 1o be in fhe sef s,

N—




/Im This case, we can see That this

is indeed the case. Notice that

~~

both objects are in S,




Theretore, The above statement

N—

s True,

—@



s={,,4OM}
A P
O N

— —~

So let's try out a new statement.

- R




s={,,4OM}
A P

O N
Ocs

Here's a statement that we're not

r TN

sure aboul, which is why we have
a question mark above the < symbol,




s={,,4OM}
A P

O N
Ocs

|: So.. is This statement true or false? ¥




CS
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Before you move on, make a guess!
There's no risk involved - youre still
learning:

~— ==l




s={,,4OM}
A P

O B
Ocs

S0 you have a quess about whefher
This statement is true or ftalse? Like,
really? Because if you haven't guessed yet,

(ou Totally should do that betore moving on. :







s={,,4OM}
SCT

Every object in this set is in this set

Ocs

Earlier, we said that the < velaftion mweans
that every object in the set on the left—hand

side is an element of the set on the
right—hand side, /&

N—




s={,,4OM}
SCT

Every object in this set is in this set

Ocs

/Am important detail here is that the thing ?
the lett—hand side of the < relation

has To be a set for the relation to even
make sense, /&
N—




s={,,4OM}
SCT

Every object in this set is in this set

Ocs

Otherwise, it would be like asking whether
giratfe < 137 — if's a meaningless statement

because you can't compare giraffes fo
numbers using less—Than, /&
\




~
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In This parficular case, the object on the
lett—hand side of the subset symbol isn't

a set.

——

=



s={,,4OM}

|: . so the initial statement was fa\sg



because the red circle is in the set S,

E\is might seem a bif counterintuitive at first,




But we have a different way ot expressing
That idea




~

We can always say that fthe red circle is an

——

element of the set S, even if it's nof

a subset of fhe setf s. <



s={,,4OM}

N
_
O €S

/So remember that € and < aren't the same
thing, You can be an element ot a set without

being a subset and vice—versa,

o= .ny

N—
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So now we've seen a little bit about

N—

TN

the € and < rvelations,

<



~ LN
We've seen Thal you use € To ask whether

objects belong 1o sets and < 1o ask
whether one set is a subset of another.




/T\nimqs get a liftle bit more imTevesTiwq\

when we sfart falking about sets that
contain other sets,

N—




11,12,3), 4}

~ TN

For example, take a look at this set,

— _




11,12,3), 4}

This set has three elements..

— _




11

. The number one, .

<



11,12,3}) 4}

~ TN
. The sel 12, 31, which conTains The
numbers two and three, .

— L




4 }

. and The number tour.

— <



11,12,3), 4}

Restated using our new nofation..

— _




1 €

11

~

N—

SN
.we can say That 1 is an element of
The set, .

— <

¥



{2,3ve {1,{2,3}, 4}

~ N

. That the set 12, 3} is an element ot
The sef, ..

— _




4 € { 4 }

~ TN

. and that the number 4 is an element
ot fhe seft.

— —




2 &1

~ N

However, it isn't true that 2 is an element
ot this seft,

— _




2 &1

So why is that?

<



2 €11, 12,3}, 4}

@membev, The set on the right has Thrg

different elements: the number 1, the
sef 12, 31, and The number 4,




2 €11, 12,3}, 4}

~ SN
None of the ferms highlighted in blue
is exactly equal To the number Two,

— R




2 €11, 12,3}, 4}

~

In ofher words, you can't point b

something in the set and say *that thing
right there is The number two,”




prmmmmm————

.........

the set as a whole contains 2.

TN

(While it's frue that the set (2, 31 contains
The number 2, That doesn't mean that




11,12,3), 4}

Let's look at another statement.

— _




{4}y € {1,{2,3},4}

~

N—

TN

Is this statement true or false?

<



{4}y € {1,{2,3},4}

~ SN
Before moving on, take a guess and fry
to give a justification tor i,

— =




{4}y € {1,{2,3},4}

~ SN
So you've made your quess? Like, really?
Because it you haven't, you Totally should:

- R




{4}y € {1,{2,3},4}

~ N
Okay, now That you've gol uour guess,
let's see what the answer is.

— I




{4}y € {1,{2,3},4}

~

The question is whether (4}, the seT\
confaining the number 4, is an element of
the set on the right—hand side,




{4}y € {1,{2,3},4}

To answer this guesTion, we can just

go one element at a fime Through the
set and see if any of them are 41,




{4v e {1

~

TN
Well, This element isn't equal fo 41,
so that doesn't help us,

— _

¥



{4y e {1, {2, 3}, 4}

~ N

This one isn'1 equal to 4} either,

— _




So what about this one?




{4} € { 4}

~ TN

It's a 4, which looks pretty similar to (41,

— _




{4} € { 4}

~ . N
But remember — the number 4 is not

The same as The set containing The number
41

— -




4% € { 4}

~ TN
Generally speaking, no object is ever
equal To the set that contains if,

— R




{4} € { 4}

~ SN
So Thal means thal even though This 4
looks a lot like the set i45.

— _




{4} € { 4}

~ TN

. this element isn't equal to 4} either,

— _




{4}y € {1,{2,3},4}

S0 we've gone Through all the elements
ot the set, frying to see it any of fhem
are equal To 141, and it looks like none




14y €11,12, 3}, 4}

~ TN

That means that 4} is not an element
of the sef,

— —




14y €11,12, 3}, 4}

1f you Thought that (4} was an e\emevﬁ\

of the sef, don't worryr I1's a reasonable
Thought., It just happens to not work
given how we've chosen to define sets




14y €11,12, 3}, 4}

Going forward, remember fhal x and ix

are ditfferent things - x is an individual

object, while ixi is a set containing the
object x,

N— <




11,12,3), 4}

~

With that idea in mind, let's move S

forward fo looking back af the subset
relation,

— _




{1}y c{1,{2,3},4}

~ TN
Take a look al this statement, Do you
Think iT's True or false?

— —




11} C

- {1,{2,3},4}

~

As betore, fake a minute fo come up with
a quess before moving on, You'll be

N—

N

happier if you do.

<



{1}y c{1,{2,3},4}

~ TN

you've got your guess? Greal!

O 4O
\ <




{1}y c{1,{2,3},4}

To determine whether 1y is a subset of
M, 12,3, 4y, we need to ask whether
every element of 1y is also an element

\ O{ H/ {1/3}«




{1}y c{1,{2,3},4}

" The set 11 only has one element (the
number 1), so we just need fo see
whether the number 1 is confained in

\ The set on T\ne%




{1} c{1

¥



{1y € {1,{2,3}, 4}

So that means thal the set (1} is indeed
a subset of the set on the right.




{1y € {1,{2,3}, 4}

To mix things up a bit, lef's ask a
different question,




{1} e {1,{2,3},4}

Is this new statement true? As betore,
Take a minute To Think 1T over.,




{1} e {1,{2,3},4}

|:GOJ( a guess? Great! L@




{1} e {1,{2,3},4}

We 've asking whether the set 111 is an
element of the set 11, 12,31, 45,




{1} e {1,{2,3},4}

That means that we need to see it
anything in the set 1, (2,31, 4} is equal

o the set (11,




f1r e {1

~

N

Using our reasoning from betore, we know
that 1 and (11 aren't the same thing, so

This element isn't the set 1y,

¥



{1} e{1,{2,3} 4}

/Avmol hopetfully it's not foo much of 2 )

stretch to see that these elements aren't
equal To w1,

N—




11y €11,12, 3}, 4}

/So overall we see thal nothing in ﬂne\

set on the right is equal To 1y, so

is not an element of 1, 12,3, 41,
N—




11,12,3), 4}

" Weve gotten a lof of mileage ouft of

This one single set, and we're nof
done yet:

— _




{2,3}C {1, {2 34}




{2,3}C {1, {2 34}

~ SN
You know fhe drill = think it over,
take a guess, and let's move on:

— _




{2,3}C {1, {2 34}




{2,3}C {1, {2 34}

— TN
We 've asking whether (2, 3} is a subsed
of 11, 12,35, 41,

— Z




{2,3}C {1, {2 34}

— .
To answer that gquesTion, we have to

see whefher every element ot 12, 3
is an element of 11, 12,3}, 4i.

TN




{2,3YC{1,{2 3}, 4}

~ TN
Let's begin with this element of (2, 3
and ask - is 2 an element of 11, 12,3}, 41°

Z =




{2,3YC{1,{2 3}, 4}

~ SN
But wait: We already know the answer
to this question, We did this earlier,

_ =




{2,3YC{1,4{2 3}, 4}

— ™~
We know thal 2 is not an element of
M, (2,3}, 4},

— L




{2,3Yy<2{1, {2, 3},4}

~

That means that the set 12, 3}isw'T‘—\\

a subset ot 1, 12,31, 4}, because the
set 11, 12,3}, 4} doesn't contain 2.




12,3} €11,12, 3}, 4}

— —~
However, we could say that (2, 3 is an
element of 11, 12,3, 4i.

— L




{2,3ve {1,{2,3}, 4}

~

- TN
.because 12, 3} is right here,

Remember, € and < ask different
guesTions:!

N—




~

N—

To conclude our little tour of € and

N

c, let's falk about our friend fhe
empty set,

<



9,

~

The empty set - which we denote using

TN

The symbol shown above - is a set that

N—

contains no elements,




9,

~ SN
The emply set has a few nice properties
that are worth keeping in mind,

— =




X &

ﬁvsf, since the empty set has wo e\emem%

it you take any object x, you'll know
iT's not an element of the emply seft,
In fact, thaf's how the empty set

" is sometimes defined: )




JCS

/Secomol, as mentioned in class, WA

mentioned that the empty set is
a subset of any set S, This is a

__ Consequence of vac%




9,

/A\Thoug\n the empty set is onbab\%\

most famous because of these fwo
properties, it's just a set like any ofher
and it obeys all The reqular rules of

N Tthe € and ¢ ve\aTlo«




9,

~ _

It's also somewhat famous because it's

a greal edge case and can be a bif
weird when you first encounter if,

N




9,

~ TN
To help give you a liftle bit of practice,
letrs look at some examples,

_ S




dge {1, {2, 34

~ TN
First, Take a look af fthis statement. Is
this statement frue or talse?

g e




dge {1, {2, 34

-~ . TN
Don't move on unfil yourve got a quess..

this is a really good problem To work
Through

_ <




dge {1, {2, 34

~ TN
Okay, you've got your quess? Greal:
Let's fake a look a this,

_ S




dge {1, {2, 34

— TN
We 're asking whether @ is an element
of 1, 12, 3, 41,

_ S




dge {1, {2, 34

~ TN
That means we need o see whether any

ot fhe elements of 11, (2,31, 4} happen
to be equal fo ¢,

N—




ge {1

~ TN

Well, this element of the set isn't d.

_ <

¥



g€ {

12, 3}

~

N—

TN

. nor is This one ..

¥

—



g€ {

~

. and neither is This one,

—



O&11,12,3}, 4}

~

Since none of the elements of this S

set are equal To @, we say that @
isn't an element of 1, 12,31, 41,




OC{1,{2, 3}, 4}

/Now, we could correcTly say Thatl The\

empty set is a subsel of 1, 12,31, 4,
because iT's a subset of every sef,
But, as you've seen before, € and ¢
represent different concepts, so fhat
doesn't mean that @ would be an

N element of this sef, <




~

N—

TN

That previous exercise hopefully gets you
Thinking aboul € and < as applied fo

The emply set,




ge{@ 137}

~ TN
Let's fake a look at the above statement.
What exactly is going on here?

_ G




19, 137 }

~

TN

This set on The lett is a set fhat
contains two elements.

—



T@ﬁvsf element is the empty set, Yom
seen examples of sefs containing ofher

sets before, and in this case this set just

happens to contain @,
N—




137

The second element is 137, which is a
nice and pretty number,




ge{@ 137}

~

N—

TN

So is this statement true?

—



ge{@ 137}

~ TN
The answer is.. well, first, make a
guUIck guess!

g <




De{ 137 }

~

N—

The

TN

answeyr 1s yes..

—



De{ld }

~ TN
. because The empty set is right here
inside our set on the right,

_ S




De{ 137 }

~

So this is an example of a set that

contains the emply set. This is totally
normal — iT happens all the time,




—
]

N—

've been talking tor a while now, so\

lef's do one final exercise and then
call if a day,

—



{(3,4YC {1, {2 3}, 4}

~ TN
Take a minute To think about whether
This statement is true or talse,

g S




{(3,4YC {1, {2 3}, 4}

~ SN
Got a quess? Greaf: Lef's take a look
at what the answer is,

_ U




19, 4}

~ SN
This is the set containing two elements,
the emply set @ and the number 4,

_ e




(@,4YC{1,{2 3}, 4}

~ TN
We "re asking whether This set is a subset
of the set 11, 12,31, 45,

_ e




{(3,4YC {1, {2 3}, 4}

As you've seen before, This means that >

we need fo check whether every element
of the set on the left happens 1o be

" element of the sef%




(@, 4yC{1, {2 3}, 4}

— ™~

So letrs start by asking whether the
emply set is an element of 1, 12,31, 41,

. <




(@, 4yC{1, {2 3}, 4}

/Someﬂnim To noTice here is that evh

Though the “top—level” question asks about
the < relation, right now we're asking
whether this parficular Thing (the empty
set) is an element of another set, and

\ That involves the € ve\aﬂom.<




(0, 4yC{1, {2, 3}, 4}

~ And, as we saw before, we know that
the empty set is nof an element of
M, (2,3, 4}, because none ot The elements

N of that sef are eagua\fo«




{9,4y < {1,{2,3},4}

As a vesult, we can say that fhe set on )
the lett is not a subset of fhe sef
on the right, even though The above

@Temevﬁ involves ¢ amd%




—

Hope this helps:

Please feel free fo ask

™~

guestions if you have them,



- TN
Did you find this usetul? 11

so, let us know: We can go
and make more gquides like These,

N— \//
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